In QED the photon emission process is probabilistic in contrast to classical radiation theory that significantly modifies radiation reaction in ultrastrong laser fields. This fundamental property of photon emission -stochasticity effect (SEs) -can be probed in the electron-laser beam interaction via electron characteristics as shown previously theoretically, but challenging to observe experimentally. In this work we investigate theoretically SEs for the proton energy spectra during laser-plasma interaction in the quantum radiation-dominated regime, which may facilitate SEs experimental observation. An ultrarelativistic plasma generated and driven by an ultraintense laser pulse, collides head-on with counterpropagating laser pulse, which decelerates the electrons due to radiation reaction, and results in significant compression of the proton energy spectra because of the charge separation force. In the considered regime the SEs are demonstrated in the shift of the mean energy of the protons up to hundreds of MeV. The effect is robust with respect to the laser and target parameters and measurable in soon available strong laser facilities. * Wenchao.Yan@eli-beams.eu †
I. INTRODUCTION
With the rapid development of ultrashort ultraintense laser techniques, present laser peak intensity can reach up to about 10 22 W/cm 2 [1] [2] [3] [4] , which can be exploited to gain new insight for fundamental physics [4] [5] [6] [7] [8] [9] [10] [11] . In ultrastrong laser fields, the electron dynamics is ultrarelativistic and characterized by multi-photon nature [12] [13] [14] [15] [16] [17] [18] [19] [20] . The energy loss of an electron due to the radiation can be comparable to its own energy, greatly modifying the electron dynamics and enhancing radiation reaction (RR) effects [9, [21] [22] [23] [24] [25] . In the quantum radiation regime, the photon emissions are discrete and probabilistic, which leads to stochasticity effects (SEs) in electron dynamics. [14, [26] [27] [28] [29] [30] [31] . SEs quantitatively enhance the hard-photon emission in ultrastrong field due to, so-called, electron straggling effect [32] , and in this way have significant impact on RR. It is found that SEs can quench radiation losses in subcycle PW lasers [33] , and heat electron beams in plane-wave, or standing-wave laser fields [26, 27, 30] . Moreover, SEs can reshape the angular spectra of electron beams and emitted photons [28, 34, 35] .
Recently, experimental evidences for quantum RR effects have been demonstrated in the radiation spectra of an ultrarelativistic positron beam traversing a silicon slab [36] and in the energy loss of an electron beam after colliding with a strong laser pulse [37, 38] . However, in those experiments all quantum properties, including SEs and photon recoil effects, arise simultaneouly. Thus, the detection of the sole signature of SEs is still a challenging and opening question.
Although RR directly disturbs the electron dynamics during laser-plasma interaction, it has indirect influence on the ion dynamics due to the charge separation quasistatic fields, which are modified by RR disturbed electron motion. Thus, RR effect can enhance the ion acceleration in the optical transparency region [39] , or reduce it in dense plasma targets [40] . The reduction of the ion peak energy and of the width of energy spectrum for linearly polarized laser pulses are shown in [41] . Thus, in principle, strong SEs can also be manifested in the ion dynamics during laser-plasma interaction.
As known, SEs appear in the quantum regime when χ ∼ 1, and SEs are especially conspicuous in the, socalled, quantum radiation-dominated regime (QRDR), which requires R Q ≡ αa 0 χ 1 [9, 34] , indicating that the radiation losses during a laser period are comparable with the electron initial energy. α = e 2 /c is the fine structure constant, χ = e |F µν p ν |/m 3 c 4 the quantum invariant parameter, the reduced Planck constant, F µν the electromagnetic field tensor, p ν = (ε/c, p) the fourmomentum of electron, c the speed of light in vacuum, e and m are the electron charge and mass, respectively. a 0 = eE 0 /mcω 0 is the invariant laser field amplitude, ω 0 the laser frequency, and E 0 the laser field amplitude.
In this paper, we investigate theoretically the signature of SEs in the proton spectra during interaction of a solid plastic target with laser fields in QRDR. We consider a typical radiation pressure acceleration (RPA) scheme, when a circularly-polarized ultraintense laser pulse irradiates onto a tens of nanometer solid target (e.g., the widely used polystyrene (PS) (C 8 H 8 ) n with an electron density about 10 3 times higher than the critical density [42] [43] [44] ), and electrons are directly pushed out as a sheet by the light pressure [45] [46] [47] [48] . The charge separation field between the electron and ion sheets can accelerate ions continuously until the balance between this field and the radiation pressure breaks down or the plasma instabilities strongly deform the electron sheet [47, 48] . To detect SEs, the accelerated plasma after about 19-laser-period acceleration, head-on collides with another ultraintense (scattering) laser pulse, see the scenario in Fig. 1 . The electron sheet is slowed down mostly due to RR, and partially pushed back by the scattering laser pulse, resulting in disturbance on the acceleration progress of protons and compression of their momentum distribution.
We carry out optimization over the laser intensity and the pulse duration to achieve the best SE signature. First of all, in the scattering stage the condition for the QRDR regime should be fulfilled R Q 1 and χ ∼ 1. In the laser-electron counterpropagating configuration, χ can be estimated as χ ω 0 γ e a 0 /mc 2 , where γ e is the electron Lorentz factor. Employing current achievable laser pulses (the peak intensity I 0 ∼ 10 22 W/cm 2 and a 0 ∼ 10 2 ) headon colliding with an electron beam with a mean energy from hundreds of MeV to several GeV (γ e ∼ 10 2 − 10 3 ) [48] [49] [50] [51] [52] [53] [54] , the QRDR condition R Q 1 can be reached. In the optimal case the peak intensity of the driving laser pulse is 8.5×10 22 W/cm 2 and the length is 6 cycles, while the scattering pulse peak intensity is 1.1 × 10 23 W/cm 2 and the length is 16 cycles. The mean energies of electrons and protons are both about hundreds of MeV, and the latter is a bit higher.
We simulate the plasma dynamics through two semiclassical models based on the two-dimensional (2D) particle-in-cell (PIC) EPOCH code [55, 56] : the first considers quantum RR effects via the, so-called, modified Landau-Lifshitz (LL) equation [9, 37] , which includes quantum recoil effects but not SEs; the second is a Monte-Carlo (MC) method, which includes both of quantum recoil effects and SEs [57] [58] [59] [60] . For the given parameters our simulations show that SEs change significantly the shift of the proton energy spectra and the width of spectral distribution after scattering, which can serve as a signature of SEs. The compression of the proton energy distribution, seen previously beyond the QRDR in two-color [61] or two-intensity [62] laser setups, is shown to be significant also in QRDR. This paper is organized as follows. In Sec. II, we present theoretical models to describe the electron dynamics including RR effects. In Sec. III, the signatures of SEs on the proton energy spectra are presented and analyzed. In Sec. IV, the impacts of laser and target parameters on the signature of SEs are discussed. Finally, the conclusion is given in Sec. V.
FIG. 1. Scenario of detecting SEs signatures in the proton spectra. An ultrarelativistic plasma beam consisting of electrons and ions is generated by RPA, which further head-on collides with an ultraintense scattering laser pulse. The sacttering laser pulse decelerates and compresses the electrons and, consequently, the protons because of the charge separation force. As a result the proton energy spectrum shifts down, and the latter is SEs dependent.
II. THEORETICAL MODELS
In the classical regime, i.e., χ 1, the LL equation [63] can be employed to describe the electron dynamics including the RR effects [9] . But, as χ 1, this model will overestimate the total radiation power, which is commonly handled by introducing a g(χ) function to suppress the RR force, mimicking the effect of the quantum recoil [16, 64] (a polynomial fraction fits for g(χ) is given in Ref. [16] ). The modified LL (MLL) model includes quantum recoil effects but not SEs. However, at χ 1 SEs, i.e., the discrete and probabilistic characteristics of photon emission, can notably affect the electron dynamics and radiation [26, [28] [29] [30] 35] . In ultraintense laser fields, a 0 1, the coherence length of photon emission is much smaller than the laser wavelength and the typical size of the electron trajectory [15, 65] . In this regime, proper quantum theory for the electron dynamics and radiation can be implemented via the MC simulation [57] [58] [59] [60] .
A. Modified Landau-Lifshitz (MLL) Model
In classical regime, the RR effects are considered as radiation-induced damping on the motion of charged particles. Compared with the Lorentz-Abraham-Dirac (LAD) equation, the LL equation is self-consistent and avoids the runaway solution [17, [66] [67] [68] . The dynamics of an electron is discribed by the LL equation [63] 
where
u = (γ e , γ e v/c) is four-velocity of the electron,τ the proper time,
andr the four-vector of the coordinate. The threedimensional expression of Eq. (2) is
where E and B are the electric and magnetic fields, respectively. To include the quantum suppression in the MLL equation, the classical RR force is replaced by the quantum modified RR force [17, 69] 
W f i is the radiation probability, see below Eq. (9), r 0 = 2(k·k ) 3χ(k·pi) , and E is the electric fields in the electron frame. k, k and p i are the four-vector of the wave vector of the driving laser, the wave vector of the radiated photon, and the momentum of the electron before the radiation, respectively. In the MLL equation, the recoil effects are included by rescaling the RR force by the factor I QED /I C , the ratio of the radiation intensities within QED and classical approaches, which will account for the classical overestimation of the RR effects on the electron dynamics.
B. Monte-Carlo (MC) Model
In this model, the calculation of the electron dynamics is based on the MC simulation employing QED theory for the electron radiation and classical equations of motion for the propagation of electrons between photon emission [57] [58] [59] [60] . In superstrong laser fields, a 0 1, the photon emission probability W f i is determined by the local electron trajectory, consequently, by the local value of the parameter χ [15] :
where the coefficient N c = 9r 0 r χ χ 2 /4, the Compton wavelength λ c = /mc, and
The photon emission of electrons is considered to be a MC stochastic process [57] [58] [59] [60] . During the electronlaser interaction, for each propagation coherent length ∆η, the photon emission will take place if the condition (dW f i /dη)∆η ≥ N r is fulfilled, where N r is a uniformly distributed random number in [0, 1]. Herein, the coherent length ∆η is inversely proportional to the invariant laser field parameter a 0 , i.e., ∆η ∼ 1/a 0 . However, to keep the total photon emission energy consistent, i.e., to exclude numerical error of the simulation of photon emission, we choose ∆η 1/a 0 . The photon emission probability
where ω min and ω max are assumed to equal the driving laser photon energy and the electron instantaneously kinetic energy, respectively. In addition, the emitted photon frequency ω R is determined by the relation:
where,Ñ r is another independent uniformly distributed random number in [0, 1]. Between the photon emissions, the electron dynamics in the laser field is governed by classical equations of motion:
Given the smallness of the emission angle ∼ 1/γ e for an ultrarelativistic electron, the photon emission is assumed to be along the electron velocity. The photon emission induces the electron momentum change p f ≈ In the RPA scheme, multi-species plasmas with high electron density is beneficial for acceleration [70, 71] . For the feasibility of experiments, the polystyrene (PS) (C 8 H 8 ) n , which can be easily manufactured in a relatively large range of density and has been widely used for laser plasma interaction [42] [43] [44] , is chosen as the target, see Fig. 1 . An uniform plasma slab is chosen with an electron density n 0 = 300n c and thickness l = 0.3λ 0 , where n c = mω 2 0 /4πe 2 is the critical density, and λ 0 = 1µm the laser wave length. Each cell is filled with 200 pseudo-electrons, 200 pseudo-protons and 100 C 6+ macro-particles. The driving laser pulse is circularly polarized with gaussian profile in the trasverse direction and 4th-order supergaussian temporal profile, propagating in the +z direction with peak intensity I 0 ≈ 8.5×10 22 W/cm 2 (a 0 ≈ 250), beam radius w 0 = 5λ 0 , and pulse duration τ 0 = 6T 0 . T 0 is the laser period. The scattering laser pulse is linearly polarized in the x direction with gaussian profile both in the transverse direction and temporal, propagating along the −z direction with peak intensity I 1 ≈ 1.1 × 10 23 W/cm 2 (a 1 ≈ 286), wavelength λ 1 = λ 0 , beam radius w 1 = 5λ 0 , and pulse duration τ 1 = 16T 0 . The interaction time delay between the driving laser pulse and the scattering laser pulse is about 19T 0 .
One set of typical simulation results is presented in Fig. 2 . In the MC model including SEs, see Fig. 2(a) , a very dense proton layer is accelerated to the energy at the peak proton density E p ≈ 850 MeV in the longitudinal range of 23λ 0 z 25λ 0 . As SEs are artificially removed in the MLL model, the energy at the peak proton density reaches only about 630 MeV, which is much lower than that in the MC model, see Fig. 2 (b) . The comparison is shown in Fig. 2(c) . This energy shift between the MLL and MC models can be considered as a signature of SEs on the proton energy spectra (the latter shows a higher mean energy). In both cases, the acceleration process is disturbed by the scattering laser pulse. Figure 3 indicates the roles of the scattering laser pulse and the RR effects. As the scattering laser pulse is not employed, see Figs. 3(a) and (c) (the red curve), the protons can be accelerated to a much higher energy, and the energy at the peak density is about 1.35 GeV. As the RR effects are not taken into account, as shown in Figs. 3(b) and (c) (the blue curve), the proton energy spectra is very broad and can be easily distinguished from the MLL and MC models, which confirms that the RR effects can compress the proton spectra.
As already mentioned, the scattering laser pulse can disturb the acceleration process, i.e., the balance between the electrostatic field and the light pressure. Compare Figs. 2 and 3(a) : in the MLL model the down shift of the proton spectra is much larger than in the MC model, which means a larger disturbance on the acceleration process. The reason is analyzed in Fig. 4 , in which the densities of electrons and protons at different times are illustrated. At the beginning of scattering, see Figs. 4(a1) and (a2), slight differences on electron dynamics in the MC and MLL models emerge already. The electron density in the region of −8 z/λ 0 −6 in the MLL model ( Fig. 4(a1) ) is lower than in the MC model ( Fig. 4(a2) ) and excites different longitudinal force, see the black-dashed curves. The corresponding proton density distributions are shown in Figs. 4(b1) and (b2). For the given parameters in the MLL model more electrons can be scattered back than in the MC model due to the absence of SEs [28, 35, 72] , i.e., in the MLL model the electrons can be reflected by the scattering laser pulse as the reflection condition γ e a 1 /2 [9] is fulfilled due to the successive radiation energy loss, however, in the MC model the electrons may emit photons or not due to SEs in the same period. Thus, due to higher penetration ratio of electrons, in the MC model the electron peak density is higher than in the MLL model, see Figs. 4(c1) and (c2) as well. More unscattered electrons can drag more protons moving forwards together due to the charge separation force, consequently, resulting in different longitudinal field distribution, see Figs. 4(d1) and (d2). After the scattering, those differences are further enhanced due to the plasma evolution, see Figs. 4(e1)-(f2). Thus, the absence of SEs in the MLL model can induce a downshift of the proton energy sprectra compared with in the MC model, as shown in Fig. 2 .
FIG. 5. Proton energy spectra at t = 40T0. The drivering laser peak intensity in (a) is I0 ≈ 5.4 × 10 22 W/cm 2 (a0 ≈ 200) and (b) I0 ≈ 1.2 × 10 23 W/cm 2 (a0 ≈ 300), respectively. The scattering laser peak intensity in (c) is I1 ≈ 7.7 × 10 22 W/cm 2 (a1 ≈ 238) and (d) I1 ≈ 1.5 × 10 23 W/cm 2 (a1 ≈ 332), respectively. Other parameters are the same as in Fig. 2 .
IV. THE IMPACTS OF LASER AND TARGET PARAMETERS ON THE SIGNATURE OF SES
The impacts of crucial laser and target parameters on the signature of SEs on the proton energy spectra are investigated in detail. We start with the intensities of the driving laser a 0 and the scattering laser a 1 . As a 0 and a 1 match each other within a certain range, the signature of SEs can be observed via the shift of the proton energy spectra, see Fig. 5 . Decreasing the driving laser intensity a 0 will reduce the energy gains of electrons and protons in the RPA, consequently, SEs are suppressed due to the decrease of the parameter χ ∼ γ e a 1 . A sample of a 0 ≈ 200 is shown in Fig. 5(a) . The peak energy shift between MC (about 550 MeV) and MLL (about 500 MeV) reduces to about 50 MeV, compared with in Fig. 2  (a 0 ≈ 250) . For a larger a 0 , on one hand, the electron energy and the parameter χ are higher, thus, SEs are stronger; on the other hand, a larger a 0 means when the scattering process is finished, the driving laser pulse can still provide acceleration, which may overwhelm SEs, see Fig. 5 (b). The scattering laser intensity a 1 plays a similar role as a 0 for SEs. If a 1 is weak, the parameter χ ∼ γ e a 1 for electrons is small as well, and SEs are suppressed, see the case for a 1 = 250 in Fig. 5(c) . On the contrary, a stronger a 1 can enhance SEs, thus, more electrons can be scattered back, see the case of a 1 = 350 in Fig. 5(d) . Apparently, a much stronger a 1 not only enhances SEs but also pushes all electrons backwards, which may submerge the signature of SEs.
The roles of the pulse durations of the driving laser τ 0 and the scattering laser τ 1 are analyzed in Fig. 6 . For a shorter τ 0 , the electron energy is lower since the relevant acceleration time is shorter accordingly, thus, SEs are more difficult to be distinguished since χ ∼ γ e a 1 , see Fig. 6(a) , in which the energy shift between MC and MLL is smaller compared with Fig. 2 . For a longer τ 0 , the electrons scattered by the RR effects can be re-accelerated to high energies, SEs are also suppressed, see the sample case of τ 0 = 8T 0 in Fig. 6(b) . The duration of the scattering laser pulse determines the total energies of electrons depleted by the RR effects. Shortening the pulse duration of the scattering laser can reduce the radiation and subsequent SEs, see the case of τ 1 = 8T 0 in Fig. 6(c) . And, a longer τ 1 can strengthen the RR effects and also SEs, see Fig. 6(d) .
Furthermore, the effects of the colliding time are analyzed in Figs. 7(a) and (b). If the colliding is delayed, the protons and electrons can be accelerated to higher energies. This leads to a stronger RR force since χ ∼ γ e a 1 . But, if the delay is enough for completing the acceleration process, such as the case of τ c = 10T 0 in Fig. 7(a) , the scattering laser pulse is hard to decelerate the electrons, to pose an significant impact on the proton spectra, and, consequently, to resolve SEs, although the proton densities can be easily distinguished. While, if the scattering laser pulse enters earlier, the acceleration process is disturbed earlier. This prolongs the interaction between the driving laser pulse and the scattered plasma. Consequently, the final difference on the spectra due to SEs is larger, see Fig. 7(b) . The role of the target density n 0 is analyzed in Figs.7(c) and (d) . The reduction of the particle number can reduce the acceleration efficiency and also the scattered electron number, thus, SEs are suppressed. For instance, for the case of n 0 = 250n c , the signature of SEs cannot be observed easily, see Fig. 7(c) . For a higher density target, such as the case of n 0 = 350n c in Fig. 7(d) , acceleration effects are lower due to the larger target mass and yield lower spectra [47] , however, SEs can still be resolved. For much higher densities, much stronger laser pulses are required for acceleration, otherwise, collective RR effects on protons are rather weak.
Besides, we underline that our configuration can also be employed to compress the proton energy spectra, as shown in Fig. 8 , in the QRDR (beyond the QRDR, sim- ilar setups have been considered to compress the proton energy spectra [61, 62] ). As the front electrons in the accelerated plasma are decelerated or even reflected by the scattering laser pulse due to the radiation energy loss, the front protons are decelerated due to the charge seperation force. Consequently, the proton energy spectra are significantly compressed. For instance, in Fig. 8(a) the peak energies without and with the scattering laser pulse are E p ≈ 732 MeV and 835 MeV, respectively, and the scattering laser pulse can significantly compress the energy spreading from 45.5% to 7.9%; in Fig. 8(b) , without and with the scattering laser pulse, the peak energies E p ≈ 1177 MeV and 1197 MeV, respectively, and the corresponding energy spreadings are about 23.9% and 4.1%, which may be very useful for studies and applications of ion acceleration.
V. CONCLUSION
We have investigated the signature of SEs of photon emission on the proton energy spectra in the interaction of an ultrarelativistic plasma accelerated via RPA headon colliding with an ultraintense scattering laser pulse in the QRDR. A proper scattering laser pulse can significantly compress the proton spectra. By comparing the simulations of the MLL and MC models, we find that SEs can induce a significant extra shift of the proton energy spectra, which may be quantitatively detected and serve as the signature of SEs. This effects could be measurable with soon achievable ultraintense laser facilities, e.g., the ELI [2] .
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